Tables of sizes of random complete arcs in the plane P G(2, q) are given. The sizes are close to the smallest known sizes of complete arcs in P G(2, q), in particular, to ones constructed by Algorithm FOP (fixed order of points). The random arcs are obtained in the region {3 ≤ q ≤ 46337, q prime}.
Introduction
Let P G(2, q) be the projective plane over the Galois field F q . An n-arc is a set of n points no three of which are collinear. An n-arc is called complete if it is not contained in an (n+1)-arc of P G(2, q). For an introduction to projective geometries over finite fields see [30, 47, 49] .
In [32, 55] the close relationship among the theory of n-arcs, coding theory, and mathematical statistics is presented. In particular, a complete arc in a plane P G(2, q), the points of which are treated as 3-dimensional q-ary columns, defines a parity check matrix of a q-ary linear code with codimension 3, Hamming distance 4, and covering radius 2. Arcs can be interpreted as linear maximum distance separable (MDS) codes [53, Sec. 7] , [56] and they are related to optimal coverings arrays [28] and to superregular matrices [33] .
One of the main problems in the study of projective planes, which is also of interest in coding theory, is finding of the spectrum of possible sizes of complete arcs. In particular, the value of t 2 (2, q), the smallest size of a complete arc in P G(2, q), is interesting. Finding estimates of the minimum size t 2 (2, q) is a hard open problem.
This work is devoted to random complete arcs in P G(2, q) and to the comparison of their sizes with upper bounds on t 2 (2, q).
Surveys of results on the sizes of plane complete arcs, methods of their construction, and comprehension of the relating properties can be found in [4, [6] [7] [8] [9] [10] 12, 16, 17, 22, 29, 30, 32, 34, 37, 41, [43] [44] [45] [47] [48] [49] [50] [51] [52] [53] [54] . Some problems connected with small complete plane arcs are considered in [1, 3-5, 9, 10, 18, 19, 23-26, 29, 30, 32, 34, 35, 40, 42, 46, 57] .
The exact values of t 2 (2, q) are known only for q ≤ 32; see [2, 21, 27, 30, 31, 36, 38, 39] and work [13] where the equalities t 2 (2, 31) = t 2 (2, 32) = 14 are established.
Let t(P q ) be the size of the smallest complete arc in any (not necessarily Galois) projective plane P q of order q. In [34] , for sufficiently large q, the following result is proven by probabilistic methods (we give it in the form of [32, Table 2 .6] taking into account that all logarithms in [34] have natural base, see [34, p. 10] ):
where C and D are constants independent of q (so-called universal or absolute constants). The authors of [34] conjecture that the constant can be reduced to C = 10. A survey and an analysis of random constructions for geometrical objects can be found in [24] ; see also the references therein. Regarding complete arcs of sizes smaller 1 2 q obtained by algebraic constructions, following [32, p. 209] , complete arcs in P G(2, q) have been constructed with sizes approximately 1 3 q (see [1, 6, 35, 50, 51, 57] ), 1 4 q (see [6, 35, 52] ), 2q 0.9 (see [50] where such arcs are constructed for q > 7 10 ). It is noted in [24, Sec. 8] , that the smallest size of a complete arc in P G(2, q) obtained via algebraic constructions is cq 3/4 where c is a universal constant; see [52, Sec. 3] and [53, Th. 6.8] .
In [6, 7] , for large ranges of q, the form of the bound of (1.1) is applied but the value of the constant C was essentially reduced to C = 0.75 [6] and to C = 0.73 [7] whereas D < 1. In particular, the following results are obtained in [6, 7] using randomized greedy algorithms: t 2 (2, q) < √ q ln 0.75 q for 23 ≤ q ≤ 5107 [6] ; (1.2) t 2 (2, q) < √ q ln 0.73 q for 109 ≤ q ≤ 13627 [7] . (1.3)
In [5] , the smallest known sizes of complete arcs in P G(2, q) (up to November 2013) are collected for the following huge region H: H = {q : 173 ≤ q ≤ 49727, q power prime} ∪ {q : 173 ≤ q ≤ 125003, q prime} ∪ (1.4) {59 sporadic prime q's in the interval [125101 . . . 360007], see [5, Table 7 ]}.
The data collected in [5] [6] [7] provide the following result. In the recent works of the authors, see [10] [11] [12] , a new Algorithm FOP (fixed order of points) constructing small complete arcs in P G(2, q) is proposed. Lexicographical and the Singer fixed orders of points are investigated. We denote L = {q : 3 ≤ q ≤ 67993, q prime} ∪ {43 sporadic prime q's in [69997 . . . 190027]}; (1.6) S = {q : 5 ≤ q ≤ 40009, q prime}.
(1.7)
Let t L 2 (2, q) be the size of complete arcs in P G(2, q) obtained by Algorithm FOP with Lexicographical order of points. Let t S 2 (2, q) be the size of complete arcs in P G(2, q) obtained by Algorithm FOP with Singer order of points. Values of t L 2 (2, q) in the region L and t S 2 (2, q) in the region S are collected in [9] .
The data collected in [9] provide the following upper bounds on t 2 (2, q): t 2 (2, q) < t L 2 (2, q) < 1.83 q ln q if q ∈ L; (1.8) t 2 (2, q) < t S 2 (2, q) < 1.83 q ln q if q ∈ S.
(1.9)
In [14, 34] it is noted that, in a preliminary report in 1989, J. C. Fisher obtained by computer search complete arcs in many planes of small orders and conjectured that average size of a complete arc is about 3q log q.
(1.10)
We denote R = {3 ≤ q ≤ 46337, q prime}. (1.11) In this work, we collect the sizes t R 2 (2, q) of random complete arcs in P G(2, q) in the region R. The collected sizes are represented in Table 1 The random arcs are obtained in this work with the help of a random generator used in a C++ program under the system Linux. A complete arc is constructed step-by-step in a random manner. At every step a point of the plane is selected randomly: if the point is not covered by bisecants of the arc, then it is added to the arc; otherwise, another point is selected. The process stops when a complete arc is obtained.
From Table 1 and Figure 1 it follows that
So, the sizes of random arcs in the region R satisfy the upper bounds on t 2 (2, q) given in (1.8), (1.9) . One can say also that the conjecture (1.10) holds in the region R, see Figure 1 .
2 Table. Figures
of random complete arcs in planes PG(2, q), 3 ≤ q ≤ 46337, q prime, are shown in Table 1 , see pp. 10-32.
In Figure 1 , values t R 2 (2, q)/ √ q ln q, q ∈ R, are shown. The values oscillate around line y = 1.803; it means that the conjecture (1.10) holds in the region R.
We denote Figure 3 , values t S 2 (2, q)/ √ q ln q, q ∈ S, are given. One can see that Figures 1 and 2, 3 have the very similar structures. It is expected, as Lexicographical order of points is a random order in the geometrical sense. Singer order, of course, has a geometrical sense but this sense is not connected with constructing of arcs and with covering of points by bisecants. It is why Singer order also may be treated as a random order.
In Figures 4 and 5, the differences t
100% in the region R and values of
100% in the region S. Note that the differences are less than 3% for q > 3000. 
Lexicographical order of points Singer order of points 
100%, q ∈ R (the solid curve) 
100%, q ∈ S (the solid curve) 
